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Abstract
The Chern-Simons functional S
CS
is an exact solution to the Ashtekar-
Hamilton-Jacobi equation of general relativity with a nonzero cosmological
constant. In this paper we consider S
CS
in Bianchi type IX cosmology with
S
3
spatial surfaces. We show that among the classical solutions generated
by S
CS
, there is a two-parameter family of Euclidean spacetimes that have a
regular NUT-type closing. When two of the three scale factors are equal, these
spacetimes reduce to a one-parameter family within the Euclidean Taub-NUT-
de Sitter metrics. For a nonzero cosmological constant, exp(iS
CS
) therefore
provides a semiclassical estimate to the Bianchi IX no-boundary wave function
in Ashtekar's variables.






Kodama [1] has pointed out that the Chern-Simons functional S
CS
provides an exact
solution to the Ashtekar-Hamilton-Jacobi equation of general relativity with a nonzero cos-
mological constant. One therefore anticipates that when the theory is canonically quantized
in the connection representation, the quantum constraint equations should possess a solution
of the form exp(iS
CS
), either exactly or in some approximate semiclassical sense [1{3].
Investigating this anticipation within full general relativity faces the dicult issues of
regularization [2,3], and even in minisuperspace models there emerge issues of factor order-
ing [1,4]. Further, even if a state of the form exp(iS
CS
) is shown to satisfy the quantum
constraints in the sense of (functional) dierential equations, one may ask whether this state
is normalizable with respect to any inner product that is proposed to dene the physical
Hilbert space of the theory [4]. Nevertheless, leaving for now such questions aside, one is led
to identify a state of the form exp(iS
CS
) as corresponding, in a semiclassical sense, to the
family of classical solutions to the Einstein equations that are generated by regarding S
CS
as a particular solution to the Ashtekar-Hamilton-Jacobi equation. It is therefore of interest
to understand what the properties of this family of classical spacetimes are. For earlier work
relating to S
CS
, see Refs. [1{6].
The purpose of the present paper is to investigate S
CS
in the Bianchi type IX spatially
homogeneous cosmological model [7,8] with S
3
spatial surfaces. We shall show that among
the classical solutions generated by S
CS
, there is a two-parameter family of Euclidean space-
times that have a regular closing of the NUT-type [9,10]. This implies that, in this model,
a wave function of the semiclassical form exp(iS
CS
) can be regarded as compatible with the
no-boundary proposal of Hartle and Hawking [11{13]. We shall also note in passing that
when two of the three scale factors are equal, the Euclidean spacetimes corresponding to
S
CS
reduce to a one-parameter family within the Taub-NUT-de Sitter metrics [14{16] and
can be given in closed form.
We now proceed to prove these assertions. Except when otherwise stated, the notation
follows that of Ref. [1].
II. THE MODEL








































































n and the components 
I
of the inverse densitized triad are functions of



























































Here  = =(96
2
), where  is the cosmological constant. We shall assume throughout
 6= 0. The upper and lower signs correspond to the two possible signs of i in the denition
of the Ashtekar connection; we refer to Ref. [1] for the details. Note that A
I
diers by an
overall factor of i from the conventions adopted in Ref. [6].






. Thus, if A
I
is
regarded as a coordinate, its conjugate momentum is  
I
. A nave counting indicates that
the general solution to the equations of motion contains four constants of integration. It ap-
pears unknown whether the global structure of the (Lorentzian) solution space is consistent
with the existence of such four constants [17]; we shall, however, not attempt to address
these global issues at the level of the present paper.
Dirac quantization [18] with A
I







) = 0 (4)
for the wave function  (A
I
). We shall not attempt to discuss the factor ordering in this
equation, nor the choice of an inner product [6].
Given a solution to the Wheeler-DeWitt equation (4) with the (approximate)






) = 0 : (5)
The wave function is therefore, through semiclassical correspondence, associated with the






















By standard Hamilton-Jacobi theory [20{22], the solutions to (6) for the given S are a
two-parameter family of solutions to the classical equations of motion.
The Chern-Simons functional S
CS






























It is readily seen that S
CS
solves the Hamilton-Jacobi equation (5). We are now interested
in the corresponding classical solutions.
Inserting S
CS
(7) into (6), one obtains after some rearrangement the equations
1
We have chosen the overall sign in Eq. (7) to dier from that adopted in Ref. [1]. This reects






























































The solutions to Eqs. (8) are (anti-)self-dual metrics, and can therefore not generically be
Lorentzian [1,5]. We shall seek Euclidean solutions.
We take 
I
to be real. Requiring the spatial metric in Eq. (1) to be positive denite
implies that either 
I
are all positive, or one of them is positive and two are negative.





, we can without loss of generality take all 
I










, which makes t proportional to the Euclidean proper time. We also
rewrite 
I









































Note that at the isotropic limit a = b = c, the constant t surfaces in the metric (1) are round



































































, and the solution is easily
found [1]: the metric is just that of Euclidean space of constant sectional curvature =3,
which can be understood as a Euclidean section of (anti-)de Sitter space for  > 0 ( < 0).
We shall now consider solutions that are near the isotropic limit. For this purpose we





























































































=  F (2 + F )g

: (12d)

















































are constants and the range of t is 0 < t < =
p
. For  < 0, there are two
solutions. One is given by the formulas (13), understood in the sense of analytic continuation
























































= 0, the linearized solution (13) reduces for both signs of  to the exact
isotropic solution mentioned above. When 

0
are not both equal to zero, the linearized
solution (13) for  > 0 grows out of the domain of validity of the linearized equations at
large values of
p
t, and the same is true for  < 0 when j

0
j are not much smaller than
unity. However, for any  6= 0 and any values of 

0
, the linearized solution (13) is in the
domain of validity of the linearized equations for suciently small t, and further it becomes
asymptotically accurate as t ! 0. We infer that there exists a two-parameter family of
solutions to the exact equations (10), such that these exact solutions are well approximated







= 0, the second linearized solution (14) reduces to the exact isotropic
solution mentioned above, with the coordinate time t now running in the opposite direction
5
compared with the 

0
= 0 limit of (13). When 

0
are not both equal to zero, the linearized






 tj  1. This linearized solution will not be important for our conclusions.
Recall now that we began by dening the metrics, both Lorentzian and Euclidean, in
terms of the 3+1 split expression (1). It can now be veried that inserting the linearized
solution (13) into (1) gives a Euclidean metric that can be regularly extended to t = 0
by adding just one point to the manifold: one can view the new point as the coordinate
singularity at the origin of a hyperspherical coordinate system in which t is the radial
coordinate. The crucial fact that makes this extension possible is the O(t
2
) suppression of
the anisotropy (13c) as t ! 0. Since t ! 0 is the limit where the linearized solution is
accurate, we see that the corresponding exact metrics can be similarly extended to t = 0.
In the terminology of Refs. [9,10], the closing of the geometry at t = 0 is of the NUT-type.
This regular closing of the geometry is precisely the property characterizing the classical
solutions that are relevant for the no-boundary proposal of Hartle and Hawking [11{13],
in the sense that wave functions satisfying the no-boundary proposal are expected to get
their dominant semiclassical contribution from one or more such regular classical solutions
[22,24,25]. We therefore conclude that in our model, a wave function of the semiclassical form
exp(iS
CS
) is compatible with a semiclassical estimate to the no-boundary wave function.
III. DISCUSSION
We have investigated the Chern-Simons functional S
CS
as a particular solution to the
Ashtekar-Hamilton-Jabobi equation in the Bianchi type IX cosmological model with S
3
spatial surfaces and a nonzero cosmological constant. We showed that among the classical
solutions generated by S
CS
, there is a two-parameter family of Euclidean spacetimes that
have a regular NUT-type closing. Hence, in this model, a wave function of the semiclassical
form exp(iS
CS
) in the connection representation of Ashtekar's variables is compatible with
a semiclassical estimate to the no-boundary wave function of Hartle and Hawking. Several
comments are now in order.
(1). Recall that we chose the spatial surfaces to be SU (2) ' S
3
. Another possible choice
compatible with the Bianchi IX homogeneity type is SU(2)=Z
2
' SO(3) ' RP
3
. In this case
the Euclidean solutions corresponding to the t! 0 limit of (13) are not regularly extendible.
However, they can be extended into spaces that have an orbifold-type singularity [26]. It has
been suggested that the no-boundary proposal could be meaningfully broadened to include
such geometries [27].
(2). At the limit  ! 0, S
CS
(7) diverges. This is in agreement with the obstacles
discussed in Ref. [28] to obtaining a semiclassical estimate to the no-boundary wave function
in Ashtekar's variables for a vanishing cosmological constant. The crux of the problem is
that without a cosmological constant, the Hamiltonian constraint (3) reduces to a pure
kinetic term.
(3). At the limit  ! 0, the linearized solutions (13) and (14) yield small anisotropy




are made proportional to 
 1





















(4). In our minisuperspace model, the gauge freedom pertaining to the Gauss and dif-
feomorphism constraints [6] was xed to begin with, and one can view the expression (7) in
essence as the denition of the Chern-Simons functional. In more general contexts one may
however raise questions regarding the behavior of the Chern-Simons functional under large
gauge transformations. For these issues, see Ref. [6].
(5). In the special case where two of the three scale factors are equal, the classical
Euclidean solutions corresponding to S
CS
can be found in closed form. To see this, we
return to Eqs. (8), taking again 
I



























































= 1   t ;
(16)
where k is an integration constant and the additive constant in t has been chosen in a
convenient way. 
I
are then obtained from (15a). Writing nally t = 32
2
 and k =
 f=(32
2






























which is recognized as a one-parameter family within the two-parameter set of Euclidean
Taub-NUT-de Sitter metrics [14{16]. The range of  in which (17) gives a positive denite
metric depends on  and f but includes always an open (possibly semi-innite) interval
whose lower end is at  = 0, where the geometry has a regular NUT-type closing [9,10,16]:
this corresponds to the linearized solution (13). A metric corresponding to the second
linearized solution (14) is recovered from (17) with  < 0 and f   =3 at large negative
values of . The isotropic solution is obtained with f =  =3, for either sign of , and the
anisotropic solution found in Ref. [1] is obtained with f = =3.
(6). In the Taub truncation of the Bianchi IX model, in which two of the three scale fac-
tors are set equal to begin with, the Hamilton-Jacobi function generating the one-parameter
family of solutions (17) in the conventional metric variables can be given in terms of ele-
mentary functions [16]. Its form (for a nonvanishing ) is considerably more cumbersome
than that of the corresponding Chern-Simons functional obtained from (7).
(7). Finally, one must ask whether the connection between the Chern-Simons functional
and the no-boundary proposal in Bianchi type IX might reect more general phenomena.
We leave this question a subject to future work.
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